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(S3) Riemann $(\S 4)_{\text{ }}$
Navier-Stokes
(\S 2)
: $M$ : $n$ Riemann ,
$\mathcal{X}(M)=$ { $M$ C\otimes },
$\mathcal{X}_{d}(M)=\{X\in \mathcal{X};div(X)=0\}$ ,
34
: $TM$ ( $T^{*}M$ ) Riemann ,
$\Delta$ : Laplacian,
$\Delta^{f}=d\delta+\delta d$ : (1 ) Laplacian,
$\Delta^{s}=-\nabla^{*}\nabla$ : (1 ) Bochner’s Laplacian,
$\mathcal{G}=Diff$( $M$, dvol) $=$ dvol $M$ ,
$\mathrm{g}=\mathcal{X}_{d}(M)$ : $\mathcal{G}$ Lie ,
$(X, \mathrm{Y})_{x}$ : $M$ $x$ ,
$<X,$ $\mathrm{Y}>=\int_{M}(X, \mathrm{Y})_{x}dvol(x)$ : $\mathrm{g}$ $\mathcal{G}$ Riemann
. : $\mathcal{X}arrow\Omega^{1}$ : Riemann $i.e.,$ $X^{\mathrm{b}}(\cdot)=(X, \cdot)$





$\frac{dX}{dt}=-\nabla_{X}X$ -grad $p$ , divX$(t)=0$
$X(t)\in \mathcal{X}_{d}$ $\mathcal{X}_{d}$ (






Arnol’ $\mathrm{d}$ [A1], [A2] Euler-Poincare’
Riemann $M$ $\mathcal{G}$ Euler
R3. 3
( ) $G=SO(3)$ SO(3)





Lie sO(3) $<,$ $>$
$m_{c}=A(\dot{\gamma}(t))=<\dot{\gamma}(t),$ $\cdot>\in \mathrm{s}o(3)^{*}$ $E= \frac{1}{2}<$
$\dot{\gamma}(t),\dot{\gamma}(t)>$ ms=Ad\gamma *-lm





$[\xi, \eta],$ $\zeta>=<B(\zeta, \xi),$ $\eta>$
Lie sO(3) $B$ : sO(3) $\cross \mathrm{s}o(3)arrow \mathrm{s}o(3)$
Lie ;
$\frac{\ J_{c}}{dt}=B(\omega_{c},\omega_{c})$
Lie $G$ Riemann $<,$ $>$ (
) Riemann $M$ Lie $\mathcal{G}$ Lie
$\mathcal{X}_{d}$ $X,$ $\mathrm{Y}\in \mathcal{X}_{d}$ Riemann
(torsion free) $<B(X, X),$ $\mathrm{Y}>=<[X, \mathrm{Y}],$ $X>=<\nabla_{X}\mathrm{Y},$ $X>-<$ $\mathrm{Y}X$ , $X>$
$M$ 2 0 1 $<\nabla_{X}X,$ $\mathrm{Y}>$
$\mathrm{Y}\in \mathcal{X}_{d}$ ( ! $\forall \mathrm{Y}\in \mathcal{X}$ $!!$ )
$<B(X, X),$ $\mathrm{Y}>=-<\nabla_{X}X,$ $\mathrm{Y}>$
$\mathcal{X}_{d}$ $X$ Lie $\mathcal{X}_{d}$
Euler-Poincar\’e ( $\text{ }$
’ ) $f$] $p$
$\frac{dX}{dt}=-\nabla_{X}X-gradp$
36
-grad $p$ $<,$ $>$ $\mathcal{X}$ $\mathcal{X}_{d}$
$-p=grad$$-1(\nabla_{X}X)=\Delta^{-1}(div\nabla_{X}X)$
1.2
Lie $G$ Riemann Lagrangian $L$
$G$ $\gamma(t)$ Euler-Lagrange Lagrangian $L$
( Lie $\mathfrak{g}$) reduce $G$
$\gamma(t)$
$\mathfrak{g}$










Lie-Poisson Poisson symplectic coadjoint orbit
Hamiltonian Poisson Hamilton
( ) $m_{c}\in \mathfrak{g}^{*}$
$G=SO(3)$
$\gamma(t)\in \mathcal{G}$
Euler $<,$ $>$ $\mathrm{G}$
$\mathrm{G}$
Euler




$X=X(0)\in \mathcal{X}$ XX $=0$ $p=0$ $X$
$T^{3}$
$X=f(z) \frac{\partial}{\partial x}+g(z)\frac{\partial}{\partial y}$




$T^{2}$ $A\in SL(2;\mathbb{Z})$ ( $trA>2$) mapping torus
3 $M=T^{2}\mathrm{x}_{A}S^{1}$ suspension t
Anosov $M$ Riemann
$\vee\supset$
Ll $X=X(0)\in \mathcal{X}$ Kiffing $p= \frac{1}{2}(X, X)$ Euler
2 ([Y]) Euler-Poincar\’e
$B(X, X)$ $\mathcal{X}_{d}^{*}$ $B(X, X)^{\triangleright}=0$
$\mathcal{X}_{d}$ $p= \frac{1}{2}(X, X)$






L3 “ $X$ Killing” $\Leftrightarrow$ “$\nabla.X$ : $TMarrow TM$ v’
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[Navier-Stokes ] $=$ [$\mathrm{E}\mathrm{u}\mathrm{l}\mathrm{e}\mathrm{r}$ ] +[
] $\nu=1$




Laplacian $\Delta^{f}=d\delta+\delta d$ Bochner Laplacian
$\Delta^{s}=$ -\nabla * 2







2.1 $\mathbb{R}^{2}$ Navier-Stokes , $X( \mathrm{O})=y\frac{\partial}{\partial x}$
1
’ 22 $X(0)=y^{2} \frac{\partial}{\partial x}$ $X(t)=$
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“$X$ $\mathrm{K}\mathrm{i}\mathrm{l}\mathrm{l}\mathrm{i}\mathrm{n}\mathrm{g}\Leftrightarrow AX=0$ ” $X\in \mathcal{X}=-(\mathcal{T}\mathcal{M})$
. $X$ $\Gamma(TM\otimes T^{*}M)$ $T^{*}M$ $TM$
$X$ , $SX,$ $AX$ $\Gamma(TM\otimes TM)$
32 $\nu$ $\nu\cdot SX$ ( $X$ )
(viscosity friction)
33(1) 2.1 $X=y \frac{\partial}{\partial x}$
$\nabla X=\frac{\partial}{\partial x}\otimes dy\cong\frac{\partial}{\partial x}\otimes\frac{\partial}{\partial y}$
$SX= \frac{1}{2}(\frac{\partial}{\partial x}\otimes dy+\frac{\partial}{\partial y}\otimes dx)=(\begin{array}{ll}0 1/21/2 0\end{array})$
: $\{$
$(\begin{array}{l}11\end{array})$ , $\Phi \mathrm{f}\mathrm{i}(\mathrm{i}\Xi\frac{1}{2}$
$(\begin{array}{l}1-1\end{array})$ , $- \frac{1}{2}$
(1) 22 $X=y^{2} \frac{\partial}{\partial x}$
$X=2y$–$\partial x\partial\otimes dy\cong 2y$–$\partial x\partial\otimes artial y\partial$
41











$P$ $T_{P}M$ $SX$ $(x_{1}, \ldots, x_{n})$




$S^{n-1}(d)$ $=$ $\cross\int_{S^{\mathfrak{n}-1}(d)}(\sigma, \mathrm{n})^{2}dvol$
$\mathrm{n}$ $d$
$P$ ( )
$\int_{S^{n-1}(d)}(\sigma, \mathrm{n})^{2}dvol=\int_{S^{n-1}(d)}(\sum a:x:)^{2}dvol=a$ : 2
2 $\mathrm{s}_{2}=\sum a_{1}^{2}$. $\sigma_{2}=\sum_{:<j}a:a_{j}$
$\sigma_{1}=\sum a:=divX=0$
$\ovalbox{\tt\small REJECT}=$ $P$ $=$ $\cross\sum a^{2}\dot{.}=$ $\cross||SX_{P}||^{2}$








$T\mathcal{G}$ ( ) , Rayleigh $T\mathcal{G}$
$T_{\gamma}\mathcal{G}=\mathcal{X}_{d}$ 2
36(1)“Rayleigh ” [AKN] [AKN]
configuration space $M$ $T_{x}M$ (










$\mathcal{G}$ (= ) (= )
$\gamma$
$T_{\gamma}\mathcal{G}$ $T_{e}\mathcal{G}\cong \mathcal{X}_{d}$ Rayleigh $\mathcal{U}(X)$
$\mathcal{U}(X)=$ $(SX, SX)_{x}$ dvol(x) $=<SX$ , SX>[ $\mathcal{X}_{d}$
$X\in \mathcal{X}_{d}$ $\mathrm{Y}\in \mathcal{X}_{d}$ $\mathcal{U}$
$( \mathrm{Y}\mathcal{U})_{X}=\frac{d}{d\epsilon}|_{\epsilon=0}<S(X+\epsilon \mathrm{Y}),$ $S(X+\epsilon \mathrm{Y})>=2<SX,$ $S\mathrm{Y}>$
$S:\Gamma(TM)arrow\Gamma(TM\otimes T*M)$ formal adjoint $S^{*}$
$<grad_{X}\mathcal{U},$ $\mathrm{Y}>=(\mathrm{Y}\mathcal{U})_{X}=2<S^{*}SX,$ $\mathrm{Y}>$
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$S^{*}SX\in \mathcal{X}_{d}$ ( ) Euler




(1) $X,$ $\mathrm{Y},$ $\in \mathcal{X}$ $<SX,$ $A\mathrm{Y}>=0$ . $S^{*}SX=\nabla^{*}SX$ .
(2) $-\nabla^{*}=\hat{\nabla}:=tr\mathrm{o}(\nabla\otimes\nabla)$ .
$tr$ } $T^{*}M\otimes T^{*}M$
$\Gamma(TM)\frac{\sum}{\nabla^{*}}\Gamma(TM\otimes T^{*}M)arrow\Gamma(TM\otimes T^{*}M\otimes T^{*}M)arrow\Gamma(TM)\nabla\Phi\nabla tr$
4.3 $-grad_{X}\mathcal{U}=2\Pi(\hat{\nabla}\circ SX)$ .
$\mathrm{W}\mathrm{e}\mathrm{i}\mathrm{z}\mathrm{e}\mathrm{n}\mathrm{b}\ddot{\propto}\mathrm{k}$ $(\Delta^{s}X=\Delta^{f}X+Ric(X))$
( [KK] )
4.4 $X\in \mathcal{X}_{d}$ $2\hat{\nabla}\circ SX=\Delta^{s}X+Ric(X)=\Delta^{f}X+2Ric(X)$ .
Riemann Navier-Stokes
45( Riemann Navier-Stokes )
$\frac{dX}{dt}=-\nabla_{X}X$ -grad $p_{g}+\nu(\Delta^{s}X+Ric(X)-2gradp_{v})$
Euler $p_{g}$ , $p_{v}(=\Delta^{-1}divRic(X))$
-ﬄ (
)
4.6 Einstein $p_{v}$ ( Einstein
)
$X\in \mathcal{X}_{d}$ $divRic(X)=0$ Einstein
( $\mathbb{R}^{n}$ ) Ricci- $\Delta^{f}=\Delta^{s}=2\hat{\nabla}\mathrm{o}S$
$div\circ\Delta^{f}=\Delta\circ div$
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$\#_{\backslash }4.7$ $X\in \mathcal{X}_{d}\hslash\grave{\grave{>}}$ Navier-Stokes $E\mathrm{E}\mathrm{R}\emptyset\not\in_{\mathrm{f}\acute{\mathrm{f}\mathrm{i}}^{\backslash }}^{1\mathrm{J}A\backslash }’ P_{\mathrm{I}\mathrm{b}}^{\vee}\mathrm{C}^{\backslash }\backslash ho^{\vee}\sim$ k&X $l\grave{\grave{>}}$ Killing $\wedge^{\backslash ^{\backslash }}f\vdash J\triangleright$





? adjoint operator operator jets
?























\S 1.3 Anosov Euler
N-S $X(t)=$
$\exp(-ct)X(0)$
2 $X( \mathrm{O})=\cos x\cdot\cos y\frac{\partial}{\partial x}+\sin x\cdot\sin y\frac{\partial}{\partial y}$
2 Euler
$\Delta X=-X$ $X(t)=\exp$ ( )$X(0)$
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